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a b s t r a c t
A graph G is called (k, d)∗-choosable if, for every list assignment L with |L(v)| = k for all
v ∈ V (G), there is an L-coloring of G such that every vertex has at most d neighbors having
the same color as itself.
Let G be a graph embeddable in a surface of nonnegative characteristic. In this paper,
we prove: (1) If G contains no k-cycle with a chord for all k = 4, 5, 6, then G is (3, 1)∗-
choosable; (2) If G contains neither 5-cycle with a chord nor 6-cycle with a chord, then G
is (4, 1)∗-choosable.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Let G be a graph with vertex set V (G) and edge set E(G). We say that G is k-colorable with impropriety d, or (k, d)∗-
colorable, if G has a vertex coloring φ using k colors such that each vertex has at most d neighbors of the same color as itself.
A (k, 0)∗-coloring is an ordinary proper k-coloring. A list assignment of G is a function L that assigns a list L(v) of colors to
each vertex v ∈ V (G). An L-coloring with impropriety d, or (L, d)-coloring, is a mapping φ that assigns a color φ(v) ∈ L(v) to
each vertex v ∈ V (G) such that v has at most d neighbors of the same color as itself. A graph is k-choosable with impropriety
d, or (k, d)∗-choosable, if there exists an (L, d)-coloring for every list assignment L with |L(v)| = k for all v ∈ V (G). Note
that (k, 0)∗-choosability is just the ordinary k-choosability introduced by Erdős, Rubin, and Taylor [1], and independently
by Vizing [2].
The improper coloring of a graph was introduced in 1969 by Chartrand, Geller and Hedetniemi, for more details see the
paper of Borowiecki et al. [3]. The generalized list coloring first appeared in [4]. The notion of list improper coloring was
introduced by Škrekovski [5] and, independently, by Eaton and Hull [6]. They proved that every planar graph is (3, 2)∗-
choosable and every outerplanar graph is (2, 2)∗-choosable. Škrekovski proved in [7] that every planar graph without
3-cycles is (3, 1)∗-choosable, and in [8] that every planar graph G is (2, 1)∗-choosable if its girth g(G) ≥ 9, (2, 2)∗-choosable
if g(G) ≥ 7, (2, 3)∗-choosable if g(G) ≥ 6, and (2, d)∗-choosable if g(G) ≥ 5 and d ≥ 4. Lih et al. [9] proved that every
planar graph without 4-cycles and k-cycles for some fixed k ∈ {5, 6, 7} is (3, 1)∗-choosable. In 1996, Böhme, Mohar and
Stiebitz [10] proved that every toroidal graph G is 7-choosable, and G is not 6-choosable if and only if G contains K7 as a
subgraph.
This paper investigates improper choosability for graphs of nonnegative characteristic. The characteristic of a surface S
is equal to |V (G)| − |E(G)| + |F(G)| for any graph G that is 2-cell embedded in S, where F(G) denotes the set of faces of G.
The Euclidean plane, the projective plane, the torus, and the Klein bottle are all the surfaces of nonnegative characteristic.
Throughout this paper, we call a graph of nonnegative characteristic an NC-graph.
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The main results of this paper are as follows:
(1) Every NC-graph without a k-cycle with a chord, for all k = 4, 5, 6, is (3, 1)∗-choosable;
(2) Every NC-graph without a 5- or 6-cycle with a chord is (4, 1)∗-choosable.
2. Preliminaries
All graphs considered in this paper are finite simple graphs. Let G be a graph embedded in a surface. For x ∈ V (G)∪ F(G),
let d(x) denote the degree of x in G and δ(G) the minimum degree of a vertex of G. A vertex (respectively, face) of degree k is
called a k-vertex (respectively, k-face). A vertex of degree at least k is called a k+-vertex. LetNG(v) denote the set of neighbors
of a vertex v in G and put NG(v) = NG(v) ∪ {v}. Two faces of a graph embedded in a surface are said to be adjacent if they
share at least one common edge. For v ∈ V (G) and i ≥ 3, let Fi(v) denote the set of all i-faces incident to v. For f ∈ F(G), we
use b(f ) to denote the boundary walk of f and write f = [u1u2 · · · un] when u1, u2, . . ., un are the boundary vertices of f in
clockwise order. We usually write V (f ) for V (b(f )). An edge xy with d(x) = i and d(y) = j is called an (i, j)-edge. A 3-face
[u1u2u3] is called an (a1, a2, a3)-face if d(ui) = ai for i = 1, 2, 3. Given a cycle C in a graph G, an edge xy ∈ E(G) \ E(C) is
called a chord of C if x, y ∈ V (C).
A graph G is said to be (k, d)∗-minimal if G is not (k, d)∗-choosable but every subgraph of G with fewer vertices is.
Obviously, for k ≥ 2, every (k, d)∗-minimal graph is connected. The following Lemma 1 first appeared in [9]:
Lemma 1. Let k ≥ 2 be an integer. If G is a (k, 1)∗-minimal graph, then the following facts hold.
(1) δ(G) ≥ k;
(2) There is no (k, k)-edge;
(3) There is no (k, k+ 1, k+ 1)-face.
Suppose that G is a connected NC-graph. Given positive integers n and m, using the Euler–Poincare formula |V (G)| −
|E(G)| + |F(G)| ≥ 0 and the well-known relation∑
v∈V (G)
d(v) =
∑
f∈F(G)
= 2|E(G)|,
we have∑
v∈V (G)
(nd(v)− 2(n+m))+
∑
f∈F(G)
(md(f )− 2(n+m)) ≤ 0. (1)
Define an initial weight functionw on V (G)∪F(G) byw(v) = nd(v)−2(n+m) if v ∈ V (G) andw(f ) = md(f )−2(n+m)
if f ∈ F(G). Thus∑
x∈V (G)∪F(G)
w(x) ≤ 0.
In order to prove the following Lemma 2 and Theorems 5, 6, we shall design some discharging rules so that after discharging,
the total sum of weights is kept unchanged, but the new weight functionw′ satisfies
(I) w′(x) ≥ 0 for all x ∈ V (G) ∪ F(G); and
(II) there exists some x∗ ∈ V (G) ∪ F(G) such thatw′(x∗) > 0.
Thus,
0 <
∑
x∈V (G)∪F(G)
w′(x) =
∑
x∈V (G)∪F(G)
w(x) ≤ 0.
This contradiction completes our proof.
3. (3, 1)∗-choosability
Lemma 2. Let G be an NC-graph with δ(G) ≥ 3 and without a k-cycle with a chord for all k = 4, 5, 6. If G further contains
neither (3, 3)-edge nor (3, 4, 4)-face, then G contains one of the following configurations:
(C1) a 4-face f = [uvwx] with d(u) = d(w) = 3 and d(v) = d(x) = 4;
(C2) a 4-face f = [uvwx] with d(w) = 3, d(u) = d(v) = d(x) = 4, and u is adjacent to a 3-vertex u′;
(C3) a 4-vertex incident to two (4, 4, 4)-faces;
(C4) a 5-vertex incident to two (3, 4, 5)-faces;
(C5) a 6-vertex incident to three (3, 4, 6)-faces.
Proof. Suppose that the lemma is false. Let G be a counterexample, i.e. G is an NC-graph without a k-cycle with a chord for
all k = 4, 5, 6, without configurations (C1)–(C5), and satisfying the following properties (p1)–(p3):
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(p1) δ(G) ≥ 3;
(p2) G contains no (3, 3)-edge; and
(p3) G contains no (3, 4, 4)-face.
Claim 1. For each k ∈ {3, 4, 5}, there is no k-face adjacent to a 3-face.
Proof of Claim 1. Suppose to the contrary that there exists a 3-face f = [xyz] adjacent to a k-face f ′ = [v1v2 · · · vk] for
some k ∈ {3, 4, 5}. Then f and f ′ share at least one common edge and at least two adjacent common vertices. Without loss
of generality, we may assume that x = v1 and y = v2. If |V (f ) ∩ V (f ′)| = 2, then zv1v2 · · · vkz forms a (k + 1)-cycle with
a chord xy, where 4 ≤ k + 1 ≤ 6, contradicting the assumption on G. If |V (f ) ∩ V (f ′)| = 3, then we must have z = v4 by
(p1). Now, a 4-cycle v1v2v3v4v1 with a chord v2v4 is established, also a contradiction. 
Claim 2. There are no adjacent 4-faces.
Proof of Claim 2. Assume that G contains two adjacent 4-faces f1 and f2. If |V (f1)∩ V (f2)| = 2, then b(f1)∪ b(f2) contains a
6-cycle with a chord. Otherwise, Gwould contain a 2-vertex. This always gives a contradiction. 
Combining Claims 1 and 2, we immediately derive the following:
Claim 3. For each vertex v ∈ V (G), |F3(v)| + |F4(v)| ≤ bd(v)/2c.
We set n = 2 and m = 1 in inequality (1). Then w(v) = 2d(v)− 6 for v ∈ V (G) and w(f ) = d(f )− 6 for f ∈ F(G). We
define discharging rules as follows:
(R1) Every 4-vertex sends 13 to each incident 5-face,
2
3 to each incident 4-face, and 1 to each incident 3-face.
(R2) Every k-vertex, 5 ≤ k ≤ 6, sends 13 to each incident 5-face, 43 to each incident 4-face, 2 to each incident (3, 4, k)-face,
and 32 to each other incident 3-face.
(R3) Every 7+-vertex sends 13 to each incident 5-face,
4
3 to each incident 4-face, and 2 to each incident 3-face.
Claim 4. Let v be a 4+-vertex and f a face incident to v.
(1) If d(f ) = 5, then v gives 13 to f ;
(2) If d(f ) = 4, then v gives 23 to f if d(v) = 4, and 43 to f otherwise;
(3) If d(f ) = 3, then v gives 1 to f if d(v) = 4, and at least 32 to f otherwise.
We are going to show that the new weight function w′ satisfies Properties (I) and (II). Let v ∈ V (G). Then d(v) ≥ 3 by
(p1). The proof is divided into several cases.
(1) If d(v) = 3, thenw′(v) = w(v) = 0.
(2) If d(v) = 4, thenw(v) = 2 and, by Claim 3, |F3(v)| + |F4(v)| ≤ 2.
If |F3(v)| = 2, then |F4(v)| + |F5(v)| = 0 by Claim 1, and hencew′(v) ≥ 2− 1× 2 = 0 by (R1).
If |F3(v)| = 1, then |F4(v)| + |F5(v)| ≤ 1 by Claim 1, andw′(v) ≥ 2− 1− 23 = 13 .
If |F3(v)| = 0, then |F4(v)| ≤ 2 by Claim 2 andw′(v) ≥ 2− 23 × 2− 13 × 2 = 0 by (R1).
(3) If d(v) = 5, thenw(v) = 4 and, by Claim 3, |F3(v)| + |F4(v)| ≤ 2.
If |F3(v)| = 2, then |F4(v)| + |F5(v)| = 0 by Claim 1. By (p2), (C4), and (R2),w′(v) ≥ 4− 2− 32 = 12 .
If |F3(v)| = 1, then by Claims 1 and 2, |F4(v)| ≤ 1 and |F4(v)| + |F5(v)| ≤ 2. By (R2),w′(v) ≥ 4− 2− 43 − 13 = 13 .
If |F3(v)| = 0, then |F4(v)| ≤ 2 by Claim 2 andw′(v) ≥ 4− 43 × 2− 13 × 3 = 13 by (R2).
(4) If d(v) = 6, thenw(v) = 6 and |F3(v)| + |F4(v)| ≤ 3 by Claim 3.
If |F3(v)| = 3, then |F4(v)| = |F5(v)| = 0 by Claims 1 and 2. By (C5) and (R2),w′(v) ≥ 6− 2× 2− 32 = 12 .
If |F3(v)| = 2, then |F4(v)| + |F5(v)| ≤ 1 by Claim 1 andw′(v) ≥ 6− 2× 2− 43 = 23 .
If |F3(v)| = 1, then |F4(v)| ≤ 2 and |F4(v)| + |F5(v)| ≤ 3, and thusw′(v) ≥ 6− 2− 43 × 2− 13 = 1.
If |F3(v)| = 0, then, by (R2), we havew′(v) ≥ 6− 43 × 3− 13 × 3 = 2.
(7) If d(v) ≥ 7, then by (R3) and Claim 3, we have
w′(v) ≥ 2d(v)− 6− 2
⌊
d(v)
2
⌋
− 1
3
(
d(v)−
⌊
d(v)
2
⌋)
= 5
3
(
d(v)−
⌊
d(v)
2
⌋)
− 6 = 5
3
⌈
d(v)
2
⌉
− 6 > 0.
Let f ∈ F(G). If d(f ) ≥ 6, thew′(f ) = w(f ) ≥ 0.
If d(f ) = 5, thenw(f ) = −1. By (p2), f is incident to at least three 4+-vertices. By Claim 4,w′(f ) ≥ −1+ 13 × 3 = 0.
If d(f ) = 4, then w(f ) = −2 and f is incident to at most two 3-vertices by (p2). If f is incident to a 5+-vertex,
then w′(f ) ≥ −2 + 43 + 23 = 0 by Claim 4. Otherwise, f is incident to at most one 3-vertex by (p2) and (C1), thus
w′(f ) ≥ −2+ 23 × 3 = 0 by Claim 4.
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If d(f ) = 3, then w(f ) = −3. Obviously, f is incident to at most one 3-vertex by (p2). If f is not incident to any 3-
vertex, then w′(f ) ≥ −3 + 1 × 3 = 0 by Claim 4. If f is incident to a 3-vertex, then f cannot be a (3, 4, 4)-face by (p3).
When f is a (3, 4, 5+)-face, we have w′(f ) = −3 + 1 + 2 = 0 by (R1) to (R3). Otherwise, f is a (3, 5+, 5+)-face, we have
w′(f ) ≥ −3+ 2× 32 = 0 by Claim 4.
We have proved that w′ satisfies Property (I). Assume that Property (II) does not hold, i.e. w′(x) = 0 for all x ∈ V (G)
∪ F(G). The above argument, together with (C3), gives the following facts:
(i) For each vertex v ∈ V (G), 3 ≤ d(v) ≤ 4;
(ii) Every 4-vertex is incident to exactly two 4-faces and two 5-faces;
(iii) Every 4-face or 5-face is incident to exactly three 4-vertices.
(p2) implies that there exists at least one 4-vertex. Let v be a 4-vertex adjacent to vertices v1, v2, v3, v4 in clockwise
order and incident to 4-faces f1 = [vv1xv2] and f3 = [vv3zv4] and 5-faces f2 = [vv2y1y2v3] and f4 = [vv4u1u2v1]. By (p2)
and (iii), at least one of v2 and v3 is a 3-vertex, say d(v2) = 3. Thus, v, x, v1 are all 4-vertices by (iii). If u2 is a 4-vertex, then
it is easy to see by (p2) that f4 is incident to at most one 3-vertex, contradicting (iii). So, d(u2) = 3, and f1 would be a 4-face
violating (C2). This completes the proof of the lemma. 
Theorem 3. If G is an NC-graph without a k-cycle with a chord for all k = 4, 5, 6, then G is (3, 1)∗-choosable.
Proof. Suppose that the theorem is false. Then there exists a (3, 1)∗-minimal NC-graph G that contains no k-cycle with a
chord for all k = 4, 5, 6. Let L be an arbitrary list assignment such that |L(v)| = 3 for all v ∈ V (G). By Lemma 1, δ(G) ≥ 3, G
contains neither (3, 3)-edge nor (3, 4, 4)-face. By Lemma 2, we need to reduce the configurations (C1)–(C5), respectively.
(C1) We set that H = G − V (f ). By the minimality of G, H has an (L, 1)-coloring φ. We define a new list assignment for
each vertex t ∈ V (f ):
L′(t) = L(t) \ {φ(y)|y ∈ NH(t)}.
It is easy to see that |L′(u)| ≥ 2, |L′(w)| ≥ 2, |L′(v)| ≥ 1, and |L′(x)| ≥ 1. We color v with a ∈ L′(v), x with b ∈ L′(x), u
with a color in L′(u) \ {a} andw with a color in L′(w) \ {b}. This contradicts the choice of G.
(C2) We set that H = G − (V (f ) ∪ {u′}). By the minimality of G, H has an (L, 1)-coloring φ. Similarly to (C1), we define
L′(t) for each t ∈ V (f ) ∪ {u′}. Clearly, |L′(t)| ≥ 1 for all t ∈ {v, x, u′} and |L′(t)| ≥ 2 for all t ∈ {u, w}. Without loss of
generality, we assume that equalities hold for all |L′(t)|’s. We color xwith a ∈ L′(x), v with b ∈ L′(v), and u′ with c ∈ L′(u′).
Then we consider some subcases in succession:
If c = a, we color uwith a color in L′(u) \ {a} andw with a color in L′(w) \ {b};
If c = b, we have a similar argument;
If a = b, we color uwith a color in L′(u) \ {a} andw with a color in L′(w) \ {a};
If a, b, c are mutually distinct, we color uwith a color in L′(u) \ {a} andw with a color in L′(w) \ {b}.
(C3) Suppose that G contains a 4-vertex x incident to two 3-faces [xx1x2] and [xx3x4]with d(xi) = 4 for all i = 1, 2, 3, 4,
where x1, x2, x3, x4 are the neighbors of x in a cyclic order. We set H = G − NG(x) and let φ be an (L, 1)-coloring of H .
Defining L′(t) for each t ∈ NG(x) as in (C2), we see that |L′(x)| = 3 and |L′(xi)| ≥ 1 for all i = 1, 2, 3, 4. We color xi with
a color ci ∈ L′(xi) for each i = 1, 2, 3, 4. Obviously, we may color x with a color a ∈ L′(x) which occurs at most once in
{c1, c2, c3, c4}.
(C4) Suppose that G contains a 5-vertex x incident to two 3-faces [xx1x2] and [xx3x4] with d(x1) = d(x3) = 3 and
d(x2) = d(x4) = 4, where x1, x2, . . . , x5 are the neighbors of x in a cyclic order. Let H = G − {x, x1, x2, x3, x4} and let φ be
an (L, 1)-coloring of H . Similarly, we define L′(t) for each t ∈ {x, x1, x2, x3, x4} such that |L′(t)| ≥ 2 for t ∈ {x, x1, x3} and
|L′(t)| ≥ 1 for t ∈ {x2, x4}. We first color x2 with a ∈ L′(x2) and x4 with b ∈ L′(x4).
If a ∈ L′(x1), we color x1 with a, xwith a color in L′(x) \ {a}, x3 with a color in L′(x3) \ {b}; If b ∈ L′(x3), we have a similar
argument.
If a 6∈ L′(x1) and b 6∈ L′(x3), we color xwith c ∈ L′(x) \ {a}, x1 with a color in L′(x1) \ {c}, and x3 with a color in L′(x3) \ {c}.
(C5) Suppose that G contains a 6-vertex x incident to three 3-faces [xx1x2], [xx3x4] and [xx5x6] with d(x1) = d(x3) =
d(x5) = 3 and d(x2) = d(x4) = d(x6) = 4, where x1, x2, . . . , x6 are the neighbors of x in a cyclic order. Let H = G− NG(x)
and let φ be an (L, 1)-coloring ofH . In this case, the defined L′ satisfies |L′(x)| = 3, |L′(xi)| = 2 for i = 1, 3, 5, and |L′(xi)| = 1
for i = 2, 4, 6.
If L′(x6) ⊆ L′(x5), we color both x5 and x6 with a color c ∈ L′(x6) and then define L′′ as follows: L′′(x) = L′(x) \ {c},
L′′(t) = L′(t) for t ∈ {x1, x2, x3, x4}. Since |L′′(t)| ≥ 2 for t ∈ {x, x1, x3}, and |L′′(t)| ≥ 1 for t ∈ {x2, x4}, the proof can be
reduced to the previous case (C4).
Otherwise, we may assume that L′(xi) ∩ L′(xi+1) = ∅ for i = 1, 3, 5. We color xk with ck ∈ L′(xk) for k = 2, 4, 6, x with
c ∈ L′(x) \ {c2, c4}, xj with cj ∈ L′(xj) \ {c} for j = 1, 3, 5. This completes the proof of the theorem. 
It is straightforward to see that if a graph G contains no 4-cycle and 5-cycle, then it contains no k-cycle with a chord for
all k = 4, 5, 6. This fact and Theorem 3 show the following consequence:
Corollary 4. Every NC-graph without 4- and 5-cycles is (3, 1)∗-choosable.
Corollary 4 generalizes a result in [9] which says that planar graphs without 4- and 5-cycles are (3, 1)∗-choosable.
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4. (4, 1)∗-choosability
In this section, we provide two sufficient conditions for an NC-graph to be (4, 1)∗-choosable.
Theorem 5. If G is an NC-graph without a 5-cycle with a chord, then G is (4, 1)∗-choosable.
Proof. Suppose that the theorem is false. Then there exists a (4, 1)∗-minimal NC-graph G without a 5-cycle with a chord.
Let L be a list assignment with |L(v)| = 4 for all v ∈ V (G). By Lemma 1, we have
(q1) δ(G) ≥ 4;
(q2) G contains no (4, 4)-edge; and
(q3) G contains no (4, 5, 5)-face.
Since G has no 5-cycle with a chord, we further derive
(q4) G contains no 3-face adjacent to a 4-face; and
(q5) G contains no 4+-vertex incident to three consecutively adjacent 3-faces.
(q5) implies that every 4+-vertex v is incident to at most b2d(v)/3c 3-faces.
We set n = 3 and m = 2 in inequality (1). Then w(v) = 3d(v)− 10 for v ∈ V (G) and w(f ) = 2d(f )− 10 for f ∈ F(G).
We define two discharging rules as follows:
(R1) Every 4-vertex sends 12 to each incident 4-face and 1 to each incident 3-face.
(R2) Every 5+-vertex sends 12 to each incident 4-face and
5
3 to each incident 3-face.
It suffices to prove that the new weight functionw′ satisfies Properties (I) and (II). Let v ∈ V (G). Then d(v) ≥ 4 by (q1).
If d(v) = 4, thenw(v) = 2 and |F3(v)| ≤ 2. If |F3(v)| = 2, then |F4(v)| = 0 by (q4) andw′(v) ≥ 2− 1× 2 = 0 by (R1).
If |F3(v)| = 1, then |F4(v)| ≤ 1 andw′(v) ≥ 2− 1− 12 = 12 by (R1). Otherwise, |F3(v)| = 0, so thatw′(v) ≥ 2− 12 × 4 = 0
by (R1).
If d(v) = 5, then w(v) = 5 and |F3(v)| ≤ 3. If |F3(v)| = 3, then |F4(v)| = 0 and w′(v) ≥ 5 − 53 × 3 = 0 by (R2).
Otherwise,w′(v) ≥ 5− 53 × 2− 12 × 3 = 16 by (R2).
If d(v) = 6, thenw(v) = 8 and |F3(v)| ≤ 4. By (R2),w′(v) ≥ 8− 12 × 2− 53 × 4 = 13 .
If d(v) ≥ 7, then |F3(v)| ≤ b 2d(v)3 c. By (R2), we have
w′(v) ≥ 3d(v)− 10− 5
3
⌊
2d(v)
3
⌋
− 1
2
(
d(v)−
⌊
2d(v)
3
⌋)
= 5
2
d(v)− 10− 7
6
⌊
2d(v)
3
⌋
≥ 5
2
d(v)− 10− 7
6
× 2d(v)
3
= 31
18
d(v)− 10 ≥ 31
18
× 7− 10 = 37
18
.
Let f ∈ F(G). If d(f ) ≥ 5, thew′(f ) = w(f ) ≥ 0.
If d(f ) = 4, thenw(f ) = −2 andw′(f ) ≥ −2+ 12 × 4 = 0 by (R1) and (R2).
If d(f ) = 3, then w(f ) = −4 and f is incident to at least two 5+-vertices by (q2). By (R1) and (R2), w′(f ) ≥
−4+ 1+ 2× 53 = 13 .
We have proved Property (I). Assume that Property (II) does not hold, i.e. w′(x) = 0 for all x ∈ V (G) ∪ F(G). In view of
the above proof, we have the following assertions:
(i) For each vertex v ∈ V (G), 4 ≤ d(v) ≤ 5;
(ii) For each face f ∈ F(G), d(f ) ≥ 4.
By (ii), G has no 5-vertices, thus G is 4-regular by (i), contradicting (q2). 
Theorem 6. If G is an NC-graph without a 6-cycle with a chord, then G is (4, 1)∗-choosable.
Proof. Suppose that the theorem is false. Then there exists a (4, 1)∗-minimal NC-graph G that contains no 6-cycle with a
chord. Let L be a list assignment with |L(v)| = 4 for all v ∈ V (G). By Lemma 1, (q1)–(q3) in the proof of Theorem 5 hold for
G. Moreover, since G has no 6-cycle with a chord, we have the following fact:
(q′4) Every 5+-vertex v is not incident to four 3-faces which are consecutively adjacent. Especially, such v is incident to
at most (d(v)− 2) 3-faces.
We again take n = 2 andm = 1 in inequality (1). Thenw(v) = 2d(v)−6 for v ∈ V (G) andw(f ) = d(f )−6 for f ∈ F(G).
Three discharging rules are defined as follows:
(R1) Every 4-vertex sends 12 to each incident face.
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(R2) Every 5-vertex sends 12 to each incident 4-face or 5-face and
13
12 to each incident 3-face.
(R3) Every 6+-vertex sends 12 to each incident 4-face or 5-face and
3
2 to each incident 3-face.
It suffices to prove that the new weight functionw′ satisfies Properties (I) and (II). Let v ∈ V (G). Then d(v) ≥ 4 by (q1).
• If d(v) = 4, thenw(v) = 2 and hencew′(v) ≥ 2− 12 × 4 = 0 by (R1).
• If d(v) = 5, then w(v) = 4 and |F3(v)| ≤ 3 by (q′4). If |F3(v)| ≤ 2, then w′(v) ≥ 4 − 1312 × 2 − 12 × 3 = 13 by (R2). If
|F3(v)| = 3, we shall prove that |F5(v)| = 0 and |F4(v)| ≤ 1, so thatw′(v) ≥ 4− 12 − 1312 × 3 = 14 by (R2).
Suppose that v1, v2, . . . , v5 are the neighbors of v in clockwise order, and f1, f2, . . . , f5 are the incident faces of v
with vvi, vvi+1 ∈ b(fi) for i = 1, 2, . . . , 5, where indices are taken modulo 5. In order to show that if |F3(v)| = 3 then
|F5(v)| = 0 and |F4(v)| ≤ 1, we consider two possibilities by (q′4):
(a) f1, f2, f3 are 3-faces, i.e. f1 = [vv1v2], f2 = [vv2v3], and f3 = [vv3v4].
(a.1) Assume that f4 = [vv4xv5] is a 4-face. Obviously, x 6∈ {v, v3, v4, v5} because G is a simple graph. If x 6= v2,
then vv2v3v4xv5v is a 6-cycle with a chord vv4. Otherwise, x is identical to v2 in G such that f5 cannot be a 4-face. Thus,
|F4(v)| ≤ 1.
(a.2) Assume that f4 = [vv4yzv5] is a 5-face. If v3 6∈ V (f4), then vv3v4zyv5v is a 6-cycle with a chord vv4. If v3 ∈ V (f4),
then v3 = y since G is simple. A 6-cycle vv4zv3v2v1v with a chord vv2 is established. Similarly, we conclude that f5 is not
a 5-face. Thus, |F5(v)| = 0.
(b) f1, f2, f4 are 3-faces, i.e. f1 = [vv1v2], f2 = [vv2v3], and f4 = [vv4v5].
If f3 = [vv3xv4] is a 4-face, then since G is simple, neither v2 nor v5 is identical to x. A 6-cycle vv2v3xv4v5v with a chord
vv3 is established. If f3 = [vv3yzv4] is a 5-face, then at most one of v2 and v5 lies on its boundary by the embedding of G.
A 6-cycle with a chord is easily found. Thus, d(f3) ≥ 6. The same discussionworks for f5. Therefore, |F4(v)| = |F5(v)| = 0.
• If d(v) = 6, thenw(v) = 6 and |F3(v)| ≤ 4 by (q′4). If |F3(v)| = 4, then |F4(v)| = |F5(v)| = 0 with a similar proof as for
the case d(v) = 5, and w′(v) ≥ 6 − 32 × 4 = 0 by (R3). If |F3(v)| = 3, then w′(v) ≥ 6 − 32 × 3 − 12 × 3 = 0 by (R3).
Otherwise,w′(v) ≥ 6− 12 × 4− 32 × 2 = 1.
• If d(v) = 7, thenw(v) = 8 and |F3(v)| ≤ 5 by (q′4). If |F3(v)| = 5, then |F4(v)| = |F5(v)| = 0, andw′(v) ≥ 8− 32×5 = 12
by (R3). Otherwise,w′(v) ≥ 8− 12 × 3− 32 × 4 = 12 .• If d(v) = 8, then w(v) = 10 and |F3(v)| ≤ 6 by (q′4). If |F3(v)| = 6, then |F4(v)| = |F5(v)| = 0, so that
w′(v) ≥ 10− 32 × 6 = 1 by (R3). Otherwise,w′(v) ≥ 10− 12 × 3− 32 × 5 = 1.
• If d(v) ≥ 9, then |F3(v)| ≤ d(v)−2 by (q′4), andw′(v) ≥ 2d(v)−6− 32 (d(v)−2)− 12 ×2 = 12d(v)−4 ≥ 12 ×9−4 = 12
by (R3).
Let f ∈ F(G). If d(f ) ≥ 6, thew′(f ) = w(f ) ≥ 0.
If d(f ) = 5, thenw(f ) = −1 andw′(f ) ≥ −1+ 12 × 5 = 32 by (R1) to (R3).
If d(f ) = 4, thenw(f ) = −2 andw′(f ) ≥ −2+ 12 × 4 = 0 by (R1) to (R3).
If d(f ) = 3, thenw(f ) = −3. Note that f is incident to at least two 5+-vertices by (q2). If f is incident to three 5+-vertices,
thenw′(f ) ≥ −3+ 3× 1312 = 14 by (R2) and (R3). Otherwise, we assume that f is incident to a 4-vertex. By (q3), f cannot be
(4, 5, 5)-face, i.e. f is incident to at least one 6+-vertex. Consequently,w′(f ) ≥ −3+ 12 + 1312 + 32 = 112 by (R1) to (R3).
We have proved Property (I). Assume that Property (II) is false, i.e. w′(x) = 0 for all x ∈ V (G) ∪ F(G). The previous
argument gives the following facts:
(i) For each face f ∈ F(G), d(f ) ≥ 4;
(ii) For each vertex v ∈ V (G), d(v) = 4.
However, (ii) contradicts (q2). This completes the proof of the theorem. 
Xu and Zhang [11] proved that every torodial graph without adjacent triangles is (4, 1)∗-choosable. Equivalently, every
torodial graph without a 4-cycle with a chord is (4, 1)∗-choosable. Theorems 5 and 6 are, to some extent, an extension to
their result.
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